Abstract. The exterior derivative dθ of the Lee form θ of almost Hermitian manifolds is studied. If ω is the Kähler two-form, it is proved that the Rω-component of dθ is always zero. expressions for the other components, in [λ
Introduction
In [8] Gray and Hervella displayed a classification for almost Hermitian structures. Such a classification is based on the decomposition of the space possible intrinsic torsions into irreducible U(n)-modules. Since they obtained a decomposition into four irreducible modules W i for n > 2, i = 1, . . . , 4, there are 2 4 classes of almost structure denoted by direct sums of W i determined for the non-zero components ξ (i) of the intrinsic torsion ξ. The component ξ (4) is determined by a one-form θ, usually called the Lee form in references [9] .
The exterior derivative dθ of the Lee form θ amounts interest because such a form is related with conformal changes of the almost Hermitian metric. For instance, if θ is closed, at least locally, it is possible do a conformal change of metric such that ξ (4) = 0 for the new almost Hermitian structure. In the present text, we will give expressions for the U(n)-components of the exterior derivative dθ in terms of the intrinsic torsion. To obtain those expressions, we will make use of some interrelations among components of the intrinsic torsion which are consequences of the identity d 2 ω = 0, where ω is the Kähler two-form of the structure. Such interrelations are interesting by their own. For instance, one of them have been used in [12] to explain the behavior of certain components of the Riemannian curvature. Likewise some of these interrelations have been applied in the study of harmonic U(n)-structures (see [4] ).
The expressions for the components of dθ allow us to say when some of them is zero (Proposition 3.4 and Proposition 3.6). Likewise, from those expressions we show relations between the Lee form and those U(n)-components of the Riemannian curvature tensor determined by means of the usual Ricci tensor Ric and another Ricci type tensor Ric * associated to the almost Hermitian structure. All of this is applied on examples described in the final section.
The intrinsic torsion is explicitly determined by
The tensor ξ (i) will denote the component of ξ corresponding to W i . The component ξ (4) is determined by a the vector field 2n i=1 ξ e i e i , where {e 1 , . . . , e 2n } is a local orthonormal frame field. Other expression for this vector field is 2 2n i=1 ξ e i e i = −J(d * ω) ♯ , where d * denotes coderivative and (d * ω) ♯ , X = d * ω(X). Since the Lee form, considered in [8, 9] , is defined by θ = − 1 n−1 Jd * ω, one has 2n i=1 (ξ e i e i ) ♭ = n−1 2 θ, where (ξ e i e i ) ♭ (X) = ξ e i e i , X . We point out that, for a oneform a, (Ja)(X) := −a(JX). The component ξ (4) is explicitly given by
Remark 2.1 (Notations and conventions). For using simpler and standard notation, we recall that λ p,q 0 is a complex irreducible U(n)-module coming from the (p, q)-part of the complex exterior algebra, and that its corresponding dominant weight in standard coordinates is given by (1, . . . , 1, 0, . . . , 0, −1, . . . , −1), where 1 and −1 are repeated p and q times, respectively. By analogy with the exterior algebra, there are also complex irreducible U(n)-modules σ p,q 0 , with dominant weights (p, 0, . . . , 0, −q) coming from the complex symmetric algebra. The notation [[V ] ] stands for the real vector space underlying a complex vector space V , and [W ] denotes a real vector space that admits W as its complexification. Thus for the U(n)-modules above mentioned one has
where A ⊂ λ 1,0 ⊗ λ 2,0 . We will use the natural extension to forms of the metric ·, · . Thus, for all p-forms α, β,
For instance, using this product, for a two-form α, one has α Rω = 1 n α, ω ω. Another example using this product is the identity Jd * ω = − · dω, ω , where denotes the interior product.
In the sequel, we will consider the orthonormal basis for tangent vectors {e 1 , . . . , e 2n }. Likewise, we will use the summation convention to simplify notation. The repeated indexes will mean that the sum is extended from i = 1 to i = 2n. Otherwise, the sum will be explicitly written. We also point out that we will make reiterated use of the musical isomorphisms ♭ : TM → T * M and ♯ : T * M → TM , induced by ·, · , defined by X ♭ = X, · and a ♯ , · = a. Finally, if ψ is a (0, s)-tensor, we write
The components of the exterior derivative of the Lee form
In this section we will display several identities relating components of the intrinsic torsion which are consequences of the equalities d 2 ω = 0. They are interesting by their own and we will show some applications of them. For instance, from such identities we will obtain expressions for the U(n)-components of the exterior derivative of the Lee form.
Lemma 3.1. For an almost Hermitian manifold of dimension 2n, n > 1, it is satisfied:
Remark 3.2. Third identity given in Lemma has been already shown in [12] . There it was used to explain some aspects of the behavior of the Riemannian curvature tensor.
Proof. Consider the Kähler form ω. Being a differential form it satisfies d 2 ω = 0. However, since the Levi-Civita connection ∇ is torsion-free, we may compute d 2 ω using ∇. Writing ∇ = ∇ U(n) − ξ and using ∇ U(n) ω = 0, we have first that
One computes that these two terms are the expressions obtained respectively by summing ε (∇ U(n) X ξ) Y Z, JW and ε ξ ξ X Y Z, JW over all permutations of (X, Y, Z, W ), where ε is the sign of the permutation. After doing all of this we obtain
We have that For the first identity, we do a contraction with ω on the component in [λ 1, 1 ] . In this way we will obtain the equality
• J is orthogonal to ξ (1) . Hence ξ (1)e j e i , ξ (2)e j Je i = 0 and the first identity follows. Taking this into account in the [λ 1,1 ]-component, we will obtain the second identity. Finally, from the component in [[λ 2, 0 ]] it follows the third identity.
Remark 3.3. It is well known that the respective curvature tensors R and R U(n) of the connections ∇ and ∇ U(n) are related by
(see [2] ). Using this identity in (3.1), it is obtained
where c < d, {c, d} = {1, . . . , 4} − {a, b} in each summand. We stress that ∇ U(n) ω = 0 is a key fact here.
Next we we note that
(for an explicit proof for this second identity, see Lemma 4.4 in [4] ). Using these identities in previous Lemma, we will obtain the components of the exterior derivative of the Lee form θ.
Proposition 3.4. For almost Hermitian manifolds of dimension 2n, n > 1, it is satisfied:
Remark 3.5. The identity (dθ) Rω = 0 has already been obtained by Gauduchon in [5] for the particular case of Hermitian structure (type W 3 ⊕ W 4 ) defined on a compact manifold.
As a consequence of the expressions for the components of dθ given in previous Proposition, we have the following proposition whose part (i) is already well known. Proposition 3.6. For almost Hermitian manifolds of dimension 2n with n > 2, we have:
In particular, if n = 3, dθ = 0 for such a type. Moreover, if ξ (1) = 0 on some point, then ξ (1) = 0 on the whole corresponding connected component, i.e. the structure is of the type W 4 called locally conformal Kähler structure. If ξ (1) = 0, the Lee form is given by
2 on the connected component. Thus, in this second case, the structure of type W 1 ⊕ W 4 is globally conformal to the type W 1 and it makes sense to say that we have a globally conformal nearly Kähler structure.
Proof. As we have already said, (i) and the main part of (ii) are easily deduced from the expressions for dθ) [λ 
Then we are in the presence, at a least locally, of a SU(3)-structure of type W + 1 ⊕ W 4 ⊕ W 5 (see [11] for details). The component of the intrinsic SU(3)-torsion in W + 1 is determined by the component of dω in Rψ + ⊆ λ 3,0 = W 1 . On the other hand, the component of the intrinsic SU(3)-torsion in W 5 is determined by the one-form η which is computed by the identity * ( * dψ
where * is the Hodge star operator with respect to the real volume form Vol = −
In our situation we have the following exterior derivatives (see [11] ) dω = 3w
Doing again exterior differentiation, we have
On the other hand, we obtain
where we have used ψ + ∧ ω = 0 and
. This implies dθ = 0. Now, using the expression for (dθ) [ 
Hence d(ln w . It is straightforward to check w
2 and, in this situation, ξ
Finally, we will prove that if ξ (1) = 0 for some point P , then w 
Lee form and Riemannian curvature
Next we will display relations between the Lee form and U(n)-components of the Riemannian curvature R. Some of these components are determined by means of the Ricci tensor Ric and a Ricci type tensor Ric * associated to the almost Hermitian structure. Ric * is called the * -Ricci curvature tensor and defined by Ric * (X, Y ) = R X,e i JY, Je i , where Because they are included in K ⊥ , the above mentioned components of R can be given in terms of the intrinsic torsion. Thus such an expression for Ric − Ric * (see [12] ) is
From this identity, taking into account properties of ξ (i) and the fact that ∇
U(n)
X θ is the Lee form of ∇ U(n) X ξ, it is long but straightforward to derive
is symmetric, the skew symmetric part of the right side in (4.2) must be zero. In fact, this is the case, because such a skew-symmetric part is given by one half of the expression in the right side of the second identity of Lemma 3.1 which is consequence of d 2 ω = 0. In other words, the above mentioned skew symmetric part is equal to 
where ξ (a) 2 = ξ (a)e i e j , ξ (a)e i e j , a = 1, 2.
Next it is pointed out some immediate consequences of (4.3). of Ric * . From (4.1), taking into account properties of ξ (i) and the fact that ∇ If we do the difference between the identities (4.4) and (4.5), we will obtain n−2
Now, as before, taking into account properties of ξ (i) , it is deduced
where B is the right side expression of the corresponding identity in Proposition 3.4. This was already noted in [12] and explains why both expressions are agree.
Next, as consequences of the identity (4.4) (or (4.5)) and those ones given in Proposition 3.4, we display some relevant particular situations. 
2 dθ λ 2,0 ; moreover, if n > 2, we also have the expression X θ is the Lee form of ∇
As a consequence of this expression we have the following result.
Proposition 4.4. If an almost Hermitian manifold is such that
Moreover, in such cases, if the vector field θ ♯ is Killing, then Ric [[σ 2, 0 ]] = 0.
Ricci forms.
We would like to focus our attention to components of the curvature included in the space K of type Kähler curvature tensors. Such an space it is decomposed
0 ] (see [3] ). The components in K 1 and in K 2 can be determined in terms of tensor Ric and Ric * . More precisely, they are obtained by the tensor (Ric +3 Ric * ) [λ 1,1 ] . To derive expressions for such a tensor, we consider convenient to previously recall some notions relative to Ricci forms (see [5] ). 
Proof. If we consider an adapted local frame ℘ = {e α , Je α = e α ′ } to the U(n)-structure,
Since D is a metric connection, then
Moreover, the corresponding curvature tensors R and R D are related by
In particular, when D = ∇ U(n) , we will have
From this, by using the properties of ξ (a) , it follows the other expression for r ∇ in (ii). For (iii), from (4.6) we have Remark 4.7. Note that in case of a presence of an SU(n)-structure by [12, Lemma 3.3] , one has r ∇ U(n) = −nd η, where ∇ SU(n) = ∇ U(n) +η and η X Y = η(X)JY , i.e. η = Jη. Hence r ∇ U(n) would be exact. Anyway, since local SU(n)-structures always exist on an almost Hermitian manifold, it follows that r ∇ U(n) is locally the exterior derivative of a local one-form. This is an alternative argument confirming that r ∇ U(n) is closed.
The first Chern class c 1 can be represented by − 
The vanishing of c 1 is a necessary condition for the existence of a complex volume form globally defined on M , i.e. existence of a SU(n)-structure.
In complex geometry there is a GL(n, C)-connection which plays a relevant a role, the Chern connection. It is the unique GL(n, C)-connection ∇ h such that its torsion T h satisfies T h (JX, Y ) = JT h (X, Y ). In Hermitian geometry (ξ ∈ W 3 ⊕ W 4 ), the Chern connection is given by
In almost Hermitian geometry, it is straightforward to check that ∇ h defined as before is a U(n)-connection if and only if ξ ∈ W 3 ⊕ W 4 . Proposition 4.8. For Hermitian manifolds, we have:
Because the difference r ∇ h − r ∇ U(n) is an exact two-form, the first Chern class is determined by − 1 2π r ∇ h or by − 1 2π r ∇ U(n) as it is expected. Proof. We will use (4.7). Thus, we obtain the following identities by direct computation
Hence we have
and the properties of ξ, we obtain
For (ii), it is used the identity (4.6) for ∇ h , the facts that ρ ∇ h is in [λ 1,1 ] and ∇ h = ∇ U(n) − ξ + ξ h , the definition of ξ h and the properties of the components ξ (i) of ξ. 
Proof. This identity directly follows by computing 4 Ric *
, using Proposition 4.6 (ii) and the identity (4.2).
The K 1 -component of the curvature is determined by the metric contraction of Ric +3 Ric * .
Corollary 4.11. For almost Hermitian manifolds we have
Thus, from the identity (4.3) and the previous one, the following expressions for the scalar curvatures are obtained
Examples
In this section we will display some examples showing that the components dθ [λ 1,1 0 ] and dθ λ 2,0 of dθ can be non-zero. Also these examples will illustrate the formulas proved in the previous Section. For sake of simplicity, we will denote the wedge product by just juxtaposition of superindices, i.e. e ij = e i ∧ e j . We also note that our convention for Example 5.1. Let G be the four-dimensional simply-connected real solvable Lie group determined by the Lie algebra, displayed in [6] and denoted by M 3 0 there, generated by the basis {e 1 , . . . , e 4 } of left-invariant one-forms such that de 1 = e 14 , de 2 = 0, de 3 = e 24 + e 34 , de 4 = 0.
On G we consider the almost Hermitian structure such that ·, · = 4 i=1 e i ⊗ e i is the metric and ω = e 31 + e 42 is the Kähler form.
It is straightforward to check that the Nihenjuis tensor of the almost complex structure J is zero. On the other hand, one has the exterior derivative dω = (−e 1 − 2e 4 ) ∧ ω. Therefore, the Lee form is θ = −e 1 − 2e 4 and we are in the presence of a Hermitian structure (type W 4 in the four-dimensional case). The non-zero components of dθ are given by (dθ) [ 
